Abstract: This paper introduces a method of measuring the delta between the effective refractive index of a silicon waveguide and a waveguide with wider dimensions through the constructive and destructive interference in a Mach-Zehnder interferometer (MZI). The method consists of a fixed effective refractive index variation incorporated by tapering one of the arms in the interferometer to a wider waveguide dimension. The MZI consists of a Y-branch splitter and a multimode interference (MMI) coupler. The Y-branch splitter splits the input light 50/50 into the two arms, and the MMI is used for recombination of the two arms. A change in the effective refractive index of one arm in comparison with the other arm in the interferometer will introduce a phase difference on recombination in the MMI. The MMI has the following three ports: the top and bottom output ports, which are the antisymmetric outputs, and the middle port, which is the symmetric output. When the two signals are in phase, all the light is coupled into the symmetric port, and when the two inputs are out of phase, the light is coupled 50/50 into the antisymmetric ports. The interferometer is designed on a silicon-on-insulator (SOI) wafer and fabricated through IMEC Belgium. Theoretical, simulation, and measured results are presented and compared.
Introduction
Silicon waveguides on a silicon-on-insulator (SOI) technology have been the subject of much investigation over the past few years due to their high potentiality in optoelectronic circuits [1] - [3] . The high contrast between Silicon and Silicon Dioxide make SOI technology suitable for optical waveguiding. Silicon is the most popular medium for integrated electronics but is also highly transparent in the infrared region enabling low-loss optical waveguiding. The integration of photonics with electronics enables many technologies such as light sources, light guiding, light modulation, and light detection to be incorporated into a single chip.
One of the key building blocks for the development of silicon microphotonics is high-speed optical modulators. Several methods have been investigated to get silicon-based modulators. These include electro-optical effects in strained silicon [4] , in bulk silicon-germanium [5] , the quantum-confined Stark effect in SiGe/Ge quantum wells [6] , and, most popular today, modulators based on free carrier absorption, which are also known as the plasma dispersion effect [1] , [2] , [7] . The effective refractive index is important when designing the optical system as it determines the propagation constant of the optical field but, more importantly, in high-speed communications when dispersion can be a limiting factor.
In this paper, we will incorporate a fixed effective refractive index variation in the Mach-Zehnder interferometer (MZI) by tapering one of the arms waveguides from 525 nm wide to 625 nm wide and then back down. The length of the 625-nm-wide waveguide portion relative to the 525-nm-wide waveguide in the other arm will determine the phase difference on recombination. The tapered portion will also introduce a phase difference, and it will be theoretically quantified in the next section. The effective refractive index can be extrapolated through the constructive and destructive interference patterns at the output of the MZI.
The output of the MZI consists of a multimode interference (MMI) coupler, consisting of two input ports and three output ports. The MMI coupler is based on the principle of self-imaging in a multimode waveguide [9] - [11] . The two input ports receive the initial light that was split 50/50 at the input of the MZI with a Y-branch splitter. For two input signals in phase the symmetric case dominates and light is coupled into the second output port. For two input ports out of phase by , the light is coupled 50/50 into the first and third output port, respectively. MMI design parameters and dimensions will be discussed more in detail in Section IV. This study will compare the delta effective refractive index variations using the effective refractive index model [12] to Lumerical finite-difference time-domain (FDTD) simulation results and finally compare the results with a fabricated chip through IMEC Belgium.
In Section 2, we will review the theory behind calculating the effective refractive index MZI design for both methods, i.e., with a fixed refractive index variation due to larger waveguide dimensions and the MZI design to utilize the plasma dispersion effect. In Section 3, we will discuss more in detail the Kramers-Kronig relations and the expected behavior on our design. In Section 4, the MMI coupler design will be introduced, and finally, the conclusion is in Section 5.
Effective Index Method
For the rectangular core step-index waveguide there is no exact solution of the mode profile. Many attempts have been made to provide approximation for the mode solution, yielding very good results. Nevertheless, some of the best results have been obtained from a technique called effective index method (EIM) [8] . In this section we will present a brief review of the method.
Waveguides work on the concept of total internal reflection and Fig. 1(a) shows the structure of the rib waveguide, in which a rectangular silicon waveguide is on top of an insulator layer made of Silicon Dioxide (SiO 2 ). The solution shown here will assume that it is surrounded by air, thus leading to an asymmetric case. The solution for the asymmetric case is more general and a solution for the symmetric case, i.e., waveguides covered by SiO 2 , can be directly derived from the asymmetric case. To solve the field distribution in the waveguides and extract the modes, first, the transverse electric (TE) and transverse magnetic (TM) modes for a 2-D waveguide will be analyzed, and the EIM will be used. It is not possible to solve directly for the modes in a rib waveguide structure and therefore the EIM is used to derive the properties of the waveguide. The EIM states that first a solution for the TE modes (or TM modes) is solved when taking a cross section view of the waveguides, and assuming it is infinitely wide as shown in Fig. 1(c) . After solving for the 2-D structure, an effective refractive index of the structure in Fig. 1(c) is calculated. The next step is to use the effective refractive index found from Fig. 1 (c) and use it instead of the refractive index of silicon when looking from the top view, as shown in Fig. 1(d) . With the new material, having a refractive index calculated from the first step, the TM mode (or TE mode if initially TM mode was used) is solved for the structure shown in Fig. 1(d) , and the final effective refractive index of the 3-D waveguide is derived. The propagation constant of the waveguide is
where n eff is the effective refractive index, and is the wavelength.
The infrared radiation will propagate in the waveguide at a velocity corresponding to the effective refractive index.
To solve the TE and TM modes of the 2-D structure of Fig. 1(b) is used. The solution for the TE modes, i.e., the electric fields is in the y -direction is shown in
where C is a constant. Using (2), the mode condition for the TE mode is shown in
The mode condition is the eigenvalue equation for the TE modes of the asymmetric slab waveguide, i.e., n 1 6 ¼ n 3 . Equation (3) is an implicit relationship which involves the wavelength, refractive index of the layers and core height as known quantities and the propagation constant as the only unknown quantity. There are only discrete values of that satisfy (3), the discrete solutions of are the discrete modes that a waveguide supports. Each solution of is then used in (2) to solve the field profile and effective refractive index of the waveguide. The effective refractive index is used in Fig. 1(d) as the refractive index of the new material instead of silicon, the TM mode is solved using Fig. 1(b) , and 
where C is a constant [ Fig. 4(d) is rotated 90 to align with the coordinate system in Fig. 4(b) ]. Using (4), the mode condition for the TM mode is shown in
Again the discrete solutions of in (5) are the TM modes of the waveguide in Fig. 1(d) . The solutions are used in (4) to extract the magnetic field profile and effective refractive index of the 3-D waveguide. The effective refractive index is a measure of the wavelength velocity in which the infrared radiation for a particular wavelength will propagate in the waveguide. Using the solutions to (2) and (4), the power flowing in the direction of propagation can be derived using the complex Poynting vector shown inS
whereẼ ÂH Ã is the complex Poynting vector, andS ave is the power flowing across an area, i.e., W/m 2 .
Mach-Zehnder Interferometer
The EIM can be used to extract the effective refractive index n eff and can change rather abruptly with slight variations in the waveguide dimensions. This is the reason that constant phase control can be achieved with very short MZI in contrast to using other methods such as free carrier absorption. The accumulated phase for light travelling in a waveguide a distance L is given by
where is the wavelength, and n eff is the effective refractive index of the waveguide. Fig. 2 shows the Y-Branch splitter MZI with a tapered waveguide on the bottom arm. The MZI consists of a Y-branch splitter, a tapered waveguide to 625 nm, an MMI coupler and three output ports. The Y-branch splitter splits the light 50/50 into the two arms and is wavelength independent. The tapered waveguide to 625-nm will introduce a phase difference from the above arm, depending on the length of the 625-nm portion. From (7), one can calculate the phase difference on recombination by taking the total phase accumulated in the top arm in comparison to the bottom arm of the MZI. When the two waves entering the MMI coupler are in phase, all of the light will couple to the middle output port, and when they are out of phase, the light will couple half and half into the top and bottom output ports, respectively.
The authors would like to mention that the original layout design was for 220 nm height waveguides, 600 nm width for the standard waveguide, and 700 nm width for the larger tapered waveguide. Due to fabrication lithography exposure doses the actual fabricated waveguides where it is 210 nm in height and 525 nm in width for the standard waveguide and 625 nm in width for the larger tapered waveguides. The dimensions were derived using a Tencor profilometer for waveguide heights and a scanning electron microscope (SEM) for the width.
Using (1)- (6), the effective refractive index of the waveguides were calculated and validated using Lumerical FDTD simulation software. The input light is TE polarized and the waveguides dimensions for both the 525-nm and 625-nm portion only support the lowest fundamental mode at ¼ 1:55 m. It is important for the waveguides to be single mode because the higher order modes would propagate with a different effective refractive index. The simulation results for the effective refractive index of a 525-nm-wide waveguide and 625-nm-wide waveguide at ¼ 1:55 m are shown in Fig. 3 . The effective refractive index of the waveguide at 525 nm width is $2.381263 and at 625 nm width is $2.505045. Due to the large variation in the effective refractive index, the waveguides were tapered to reduce reflections on the interfaces between the 525-nm and 625-nm portions.
When calculating (7), these tapered regions will also affect the phase difference. To calculate the effect of the tapered regions on the phase difference, n eff as a function of the waveguide width (W ) is derived in
where
, and P 4 ¼ À0:8786. The equation was derived using a curve fitting algorithm for waveguides width varying from 525 nm to 625 nm.
It is difficult to derive the initial amount of light that actually entered the waveguide. For this reason a wavelength dependent 50/50 coupler is fabricated for each MZI under test. The concept is shown in Fig. 4 , in which a wavelength dependent 50/50 coupler is incorporated before the MZI under test. By measuring the amount of light exiting Output #2, the amount of light that entered the input grating is known and useful conclusions can be derived for the MZI under test. As discussed earlier, the MZI is designed for operation at 0 ¼ 1:55 m, and the 50/50 coupler is also designed for the same wavelength. As the wavelength changes the coupling ratio will also vary and the Lumerical FDTD simulated results of the 50/50 coupler are shown in Fig. 5 .
Due to the high exposure dose when the chip was fabricated, the gap between the waveguides was wider then designed. To derive the actual coupling ratio there was a test structure on chip that had the 50/50 coupler as a standalone design. When measured the actual coupling ratio was 60/40, i.e., 60% of the input light went into the MZI under test, and 40% was used to normalize the results to actual input light.
MMI Coupler
The MMI coupler works on the principle of self-imaging effect [9] . An input field profile is reproduced in single or multiple images at periodic intervals along the propagation direction. This occurs due to constructive interference between the waveguide modes. The beat length L is derived by using the propagation constants between any two lowest order modes [11] 
where 0 and 1 are the propagation constants of the two lowest order modes, n r is the refractive index of the rib waveguide, W e is the effective width pf the multimode section of the splitter/ combiner, and 0 is the free space wavelength. Using (9) and Lumerical FDTD mode solutions to find the two lowest order modes, L ¼ 88:2 m. Fig. 6 shows the FDTD simulation of the field undergoing self-imaging, giving a result of L $ 77 m.
Using the results from the simulation, the design of the MMI is presented in Fig. 7 . The MMI has two input ports coming from the MZI, and it is assumed that each input has half of the total light intensity. There are three output ports; the P 0 output port will have the light coupled into it when the two inputs are in phase, and the output ports P will have the light coupled into them half and half when the two input ports are out of phase. The output ports are tapered, and their distances apart from one another are optimized to collect the most amount of light, depending on the phase 
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Effective Refractive Index of Silicon Waveguides conditions of the inputs. Simulation results show that approximately 5% of the input light is lost due to scattering in between the waveguides. The simulation results of the MMI are presented in Fig. 8 . When the two inputs are in phase (a), the electric field is coupled into the middle port, and when the two inputs are out of phase, the input light is coupled half and half into the top and bottom output ports. An SEM image of the MMI coupler is shown in Fig. 9 .
Results and Discussion
Using (2)- (8), the theoretical transmission of light coupled into the middle output port as a function of the length of the 625-nm-wide waveguide portion is plotted in Fig. 10 (solid black line) . From 
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Effective Refractive Index of Silicon Waveguides Lumerical FDTD, it was derived that approximately 5% of the input light to the MMI was lost due to scattering and nonideal behavior of the MMI, i.e., a small portion light was coupled into the incorrect port. The Lumerical FDTD simulation results of the in phase port, i.e., middle port, normalized to the maximum ($93% of total light entering the MMI) and minimum ($4% of the total light entering the MMI) is plotted in Fig. 10 (dashed red line) . In a similar manner, the measured chip results are plotted as blue crosses for the available MZI structures on chip. When extracting the delta effective refractive index between a 525-nm to 625-nm-wide silicon waveguide, 210 nm in height on a 2-m SiO2 layer from Fig. 10 , the tapered regions only introduce a constant phase shift. To derive the measured delta effective refractive index Án eff based on (7), (9) , and the properties of the MMI is used
where is the wavelength, L is the distance traveled in the wider 625-nm section, T is the measured transmission in the output of the middle port of the MMI normalized to the transmission without the constant phase introduced by the tapered regions, and k is the number of 2 phase differences introduced in the wider waveguide in relation to the narrower waveguide when travelling a distance of L. Solving for (10) and using Fig. 10 , the delta effective refractive index has a measured mean value of 0.1031 with a standard deviation of 0.0474. The theoretical and simulated delta effective refractive indexes are highly correlated and give a result of 0.123782. It can be seen that the standard deviation of the measured delta effective refractive index falls within the theoretical value. In the measured results, there are many sources of possible errors, some of the more likely ones being fabrication differences between varying structures tested and differences in alignment of fiber optics used to collect and deliver the light to the chip. Another source of error is fabrication imperfections in the tapered waveguide from 525 nm to 625 nm and back down. Imperfections in the tapered portions cause a nonideal 50/50 split in the two arms of the MZI because of reflections from effective refractive index variations. In the fabricated chip, there were 19 structures on chip with varying lengths, and if more structures were used, the standard deviation would also decrease. The theoretical delta effective refractive index was validated experimentally, and this method for measuring how the effective refractive index changes as a function of the waveguides geometry has been validated.
Conclusion
A method of measuring the delta between the effective refractive index of a silicon waveguide and a waveguide with wider dimensions through the constructive and destructive interference in an MZI was introduced. The method consists of a fixed effective refractive index variation incorporated by tapering one of the arms in the interferometer to a wider waveguide dimension. Theoretical simulated and measured results were shown. The technique was validated with the measured results mean and standard deviation width falling within the theoretical and simulated result.
